We use the complexity equals action proposal to calculate the rate of complexity growth for field theories that are the holographic duals of asymptotically flat spacetimes. To this aim, we evaluate the on-shell action of asymptotically flat spacetime on the Wheeler-DeWitt patch.
In this paper, we want to use the CA conjecture and calculate the rate of complexity growth in BMSFT by using flat-space holography. As mentioned above, an approach for improving flatspace holography is given by taking the flat-space limit from the AdS/CFT calculations 1 . The corresponding computation of the rate of complexity growth in the context of AdS/CFT has been done in [33] (see also [34] [35] [36] [37] [38] ). Therein, the gravitational action is evaluated in the background of eternal two-sided black holes. It was assumed that these geometries are the holographic duals of thermofield double states in the boundary theory [39] .
The final answer of [33] for the rate of complexity growth is given in terms of bulk parameters.
It is not difficult to take the flat-space limit from these results. One can check that taking the flat-space limit from the results of [33] yields the following expressions for the rate of complexity
2)
The parameters appearing in these formulas are explained in section 3. According to flat/BMSFT correspondence, Eq. (1.1) is the rate of complexity growth for BMSFT d , d ≥ 3, and Eq. (1.2) is the same rate for BMSFT 2 . Our goal in this paper is to directly calculate both of these formulas by using the CA proposal in asymptotically flat spacetimes. The background geometries that we use in this paper are asymptotically flat two-sided black holes in spacetime dimensions greater than three and two-sided FSC in three dimensions. All of these geometries are given by taking the flat-space limit from their corresponding asymptotically AdS counterparts.
The on-shell action in the flat case is evaluated on a particular region of spacetime, which is given by the intersection of two WDW patches. The null surfaces bounding these patches are anchored on the future or past null infinity. However, their intersection points meet neither past nor future null infinity. We show that despite the vanishing bulk term in the on-shell action, the results (1.1) and (1.2) are deducible from the boundary and joint terms.
The paper is organized as follows: In section two we start from preliminaries. Section three and four include the main part of our calculations, and we directly evaluate the rate of complexity 1 For the CV conjecture in d > 2, the flat-space limit was already shown to work by Susskind (see [32] ).
Consequently, one may expect that the CA conjecture admits a regular flat-space limit. 2 For obtaining (1.2) we have assumed that R = L where L is the AdS radius and R is the radius of periodic coordinate in the boundary geometry. Without this choice for the parameter R, the flat space limit of (2.60) in [33] is not well-defined.
growth in BMSFTs by using flat space holography in, respectively, d ≥ 3 and d = 2 dimensions.
The last section is devoted to discussions.
Preliminaries
In this section we use the flat-space holography to compute the rate of complexity growth of BMSFT. We use the CA proposal for BMSFT 2 and BMSFT 3 , which requires computation of the on-shell action for, respectively, three-and four-dimensional asymptotically flat geometries. In this paper we consider static solutions with line element
where f (r) = −8G N M for d = 2 and for d ≥ 3 it is given by
where M is the mass parameter and Ω d−1 is the volume of a (d − 1)-dimensional unit sphere. It will prove convenient to use (u, r * ) or (v, r * ) coordinates instead of (t, r) where
v and u are, respectively, the advanced and retarded times, and r * is the tortoise coordinate. It is important to note here that at r = r h where r h is the root of f (r), r * gets its minimum value,
According to the proposal of [27] , the complexity of dual theory is given by the gravitational action evaluated on a region of spacetime known as the WDW patch. The WDW patch is given by the union of all the spatial slices anchored at a given boundary time [40] . Here we use this definition and impose it in the flat space. In the flat space, as it was shown in figure 1 , the WDW patch is the intersection of spatial slices anchored at future or null infinity. It is clear that the WDW patch in the flat scenario connects to the infinity via the null geodesics and does not reach it. A similar situation happens in the holographic description of the BMSFT entanglement entropy where the minimal surface does not reach the boundary and connects to it via two null geodesics [16] . Thus our prescription is a natural extension of the WDW patch definition and also is consistent with the holographic description of the entanglement entropy in flat spacetimes.
In this paper we consider asymptotically flat geometries which are given by taking the flat space limit from the asymptotically AdS eternal two-sided black holes. Thus we have right and left null infinities in the Penrose diagram of these spacetimes. In order to control divergent terms we need to restrict the WDW patch by using some cutoffs. Therefore the boundary of space-time on which the on-shell action must be computed consists of null surfaces besides timelike ones and their joint points. A complete computation requires that we accompany boundary terms to the bulk action. Hence we use the following generic action:
The first term is related to the volume of the WDW patch and is vanishing in the flat scenario.
The Vanishing of the bulk term in the on-shell action is the most important technical difference between the AdS case and the flat case.
The second line of action belongs to the non-null boundaries. The first term is known as the Gibbons-Hawking-York (GHY) term in the spacelike and timelike sector of the boundary.
The GHY term guarantees a well-defined variation principle with the Dirichlet boundary term.
The second term belongs to the joint term that is evaluated at the intersection of two non-null hypersurfaces.
In the third line, we encounter null hypersurfaces. The null boundary term gained some attention recently. The first term is the counterpart of the GHY term in the null boundary. This term can always be ignored by assuming an affine null parameter. The second term evaluates joint terms in the intersection of two hypersurfaces where at least one of the hypersurfaces is null.
We use the instruction of [41] to evaluate terms of (2.5). The boundary terms for null hypersurfaces were discussed in several works [42, 43] . The joint terms first introduced by Hayward [44] for spacelike and timelike boundaries were extended by [43] to the null hypersurfaces. It is notable that neither the boundary terms nor the joint terms depends on the cosmological constant.
It is worth mentioning that in the context of holographic renormalization the counterterms that cancel the divergent terms in the action are related extremely to the existence of the cosmological constant [45, 46] . As [46] observed, local counterterms in asymptotically AdS spacetimes become nonlocal in the asymptotically flat spacetimes. To our knowledge, the holographic renormalization of asymptotically flat spacetimes is still an open problem.
Using (2.2) we can calculate the terms of (2.5). The null boundary term vanishes because we can always choose a null parameter to be affine, and then the null boundary terms in (2.5)
do not contribute to the on-shell action. It remains the GHY term that has its contribution from the timelike or the spacelike surfaces
In our calculation in the rest of this paper, all of the joint terms have at least one null part.
Hence, it is adequate to compute the last term of (2.5), 10) where all of the joint points are labeled by their second non-null leg. The null joint term has an ambiguity due to the normalization constant of the null vectors a. This ambiguity is the same as the ambiguity in the AdS case [33] and reveals the existence of the new length in BMSFT.
3 BMSFT Complexity Gowth in d ≥ 3
Initial time
The Penrose-Cartan diagram of the asymptotically flat two sided black hole is depicted in figure   1 . The region of spacetime on which gravitational action is evaluated is shown by the gray color.
We impose some cutoffs to the problem. The first type is a cutoff surface at r * = 0 , which takes place near two singularities. The second type of cutoffs mentioned as UV cutoffs take place at r * = r max near the position of the dual field theories. It is clear from the Penrose-Cartan diagram that the intersection of WDW patches (depicted by gray) never meets UV cutoffs. This is another difference between the computation of the complexity growth in the AdS holography and the flat-space holography.
The geometry of the Penrose diagram reveals that the boundary times on the left-and righthand sides are minus each other. We denote the times of relevant points in the null infinities as
From now on the indices ± refer, respectively, to I + and I − .
In order to compute the complexity growth, we need to consider evolution of the gray region.
Since we want to compare our results with (1.1) which is given by taking the flat-space limit from the AdS case, we assume that the BMSFT on the right-and left-hand sides develop symmetrically.
This requires a symmetric evolution of the advanced and retarded coordinates on the different null infinities as
There is a critical time when the gray region leaves the cutoff near the past singularity. For the simplicity of calculation and avoiding unnecessary shifts in the origin of boundary times, we assume that this cross occurs at t = 0. The symmetric evolution guarantees that the last crossing point remains permanently on t = 0. The initial times are those before this time. It is clear from the Penrose diagram that for the symmetric evolution the initial and late times are, respectively,
given by µ ± < µ ± c and µ ± > µ ± c where
All of the relevant points in the Penrose diagram are collected in the next table:
The points on Penrose-Cartan diagram in figure 1 Point's ame t r * Sign of f (r)
In the calculation of [33] for the asymptotically AdS black holes the complexity growth is evaluated in the time that is given by adding left and right times. For the asymptotically flat cases, besides left and right development, the lower and upper sides of the WDW path can develop independently.
The origin of this difference is that the times of past and future null infinities are given by advanced and retarded times. In order to reproduce the results that are given by taking the flat space limit, we have to consider symmetric evolution on the future and past null infinities. Precisely, we need to calculate the rate of complexity growth with respect to µ where where χ is a constant. In Appendix A we calculate the nonsymmetric evolution by considering the µ + = γµ − + χ case. The results of taking the flat space limit are given when γ = 1.
At this point, we have all of the requirements to evaluate on-shell action (2.5) for the gray part of figure 1. There are six different GHY terms and four different joint terms:
• Both of the surfaces at r * = 0 are spacelike. Using (2.6) we find
Summing these two terms results in the contribution of r * = r * ( 0 ) surfaces,
Using (2.2) and (3.4) we have dI
Thus, in the symmetric case, the GHY terms of the near singularities cancel each other and are independent of the boundary time.
• Null joint terms take place at P and Q, Using r * P = r * Q = 0 and (2.3) we have
Therefore the time derivative of null-joint terms at these points vanishes
• There are four spacelike joint terms. All of these joint terms take place near the singularities and are independent of the boundary time Putting all together we find dI dµ = 0 ⇒Ċ = 0. (3.14)
Hence the rate of complexity growth for the initial time is zero.
Late time
For the late times that are after critical time (3.3), the Penrose diagram is depicted in figure 2 .
Similar to the initial time we want to calculate on-shell action in a region of spacetime that is determined by the gray area in figure 2 . This region is still the intersection of four WDW patches with UV and IR cutoffs. The distinct difference with the initial time is that the cutoff surface at the past singularity does not exist, and we have to consider the null joint term in the action at a new point M :
• The only GHY term that contributes to our problem takes place near the future singularity
• The contribution of points P and Q is similar to the initial time, and it is vanishing.
• For the null joint term at point M we have
It is assumed that t(M ) = 0 at this point, which yields r * (M ) = −µ + = − µ+χ 2 . The sign of f (r M ) is negative, and using (2.3) it is not hard to find
Using the previous equation we find
Using (2.2) we have
Using (3.15) , the boundary contribution is given by
Finally, the rate of complexity growth in the flat case can be found by adding the last two terms (3.19) and (3.20) ,
This is exactly (1.1) which is given by taking the flat-space limit.
In the symmetric evolution r M is always less than the horizon radius and −∞ < f (r M ) < 0.
Using this fact, we find thatĊ given by (3.21) starts from −∞ and increases to a maximum value that is greater than 2M/π but finally at late times approaches 2M/π. In this view, the Lloyd's bound [47, 48] is approached from above for all values of parameter a. Figure 3: The rate of complexity growth for different a.
Numerical results for the Schwarzschild black hole
In this subsection we present the numerical analysis of the complexity growth for the fourdimensional Schwarzschild metric.
The critical time in this case can be found through the relations (2.2), (2.3) and (3.3),
r M can be calculated using (2.3) where for d = 3 we have
Using this equation we find r M as 24) where W is the Lambert W function. The rate of complexity growth at late time can be read
For a fixed value of horizon parameter ω but different values of a the complexity growth with respect to the boundary time is plotted in figure 3 . For all values of the parameters, the rate of the complexity growth at late time approaches Lloyd's bound [47, 48] from above.
BMSFT Complexity Growth in d = 2
Asymptotically flat black hole solutions, which were studied in the previous section, are given by taking the flat-space limit from the asymptotically AdS black holes. In the three-dimensional Einstein gravity, there is no black hole solution [49] . The flat space limit of BTZ black holes are three-dimensional cosmological spacetimes [50, 51] . These solutions, which are known as flat space cosmology (FSC), have recently been studied in the context of flat-space holography [8, 52] .
In this section, we find the exact formula for the growth rate of the BMSFT complexity in d = 2 3 . To do so, we apply the CA conjecture for the nonrotating FSC given by
where M is the mass parameter. For this metric the tortoise coordinate is given by
3)
The Penrose-Cartan diagram of FSC has been shown in figure 4 . We note that all of the r = const surfaces are spacelike in FSC. Similar to the higher dimensional cases, we impose a symmetric dynamic for the right-and left-hand sides of the Penrose-Cartan diagram. The necessary information for all of the relevant points in FSC are collected in the following table:
The points on Penrose-Cartan diagram of FSC space
The bulk action and also the boundary terms and the joint terms are exactly the same as in (2.5).
The definition of the initial and the late times are also the same as for higher dimensional cases.
Initial time
The GHY term for the spacelike surfaces in the FSC (4.1) are For the surfaces near r * = 0 we have
Adding these two terms yields
Hence for the symmetric evolution where µ + − µ − is fixed, the rate of complexity growth for the initial time vanishes,Ċ 
Late time
At the late time a new null joint term appears at the point M ( Figure 5 ). At this point t(M ) = 0, r * (M ) = −µ + , and the sign of f (r M ) is negative. Thus we have
Imposing the symmetric evolution, 10) the complexity growth at the late time is found, We can rewrite (4.11) in terms of the FSC mass aṡ
It is a constant and differs from Lloyd's bound by a logarithmic term. This result is exactly the same as (1.2), which is given by taking the flat space limit. Similar to the higher dimensional cases, a is a new length parameter in the field theory. However, if we demand that Lloyd's bound [47] is not violated, then a must be restricted by a <r + .
Discussion
In this paper we calculate the rate of complexity growth for BMSFT d . Our main goal is generalizing the CA proposal for the flat/BMSFT correspondence. To do so, we need to define a portion of spacetime in which the gravitational action is evaluated. Since the final formulas for the growth rate are simply given by taking the flat space limit from the AdS/CFT calculation, we can check the results of various potential regions. Our main achievement in this paper is that the evaluation of the gravitational action must be done on a region that is given by the intersection of four WDW patches. The boundary of two of these patches connects past singularity to the future one by crossing from past null infinity. The boundary of other patches starts from past null infinity and using future null infinity eventually reaches to the future singularity. Using this portion of spacetime we show that the rate of complexity growth is zero for the initial times and for the late times is exactly the same as what one finds by taking the flat-space limit from the AdS/CFT calculation.
Despite CFT 2 , the rate of complexity growth is a constant for the BMSFT 2 and differs from Lloyd's bound [47] by a logarithmic term. In higher dimensions, this rate is not a constant and approaches Lloyd's bound from above. This result is similar to the higher dimensional asymptotically AdS black holes and different from the Lifshitz and the hyperscaling violating geometries that this bound has violated [53] . This shows that although BMSFTs are ultrarelativistic theories, they are more similar to the relativistic theories than to the nonrelativistic ones.
The idea presented in this paper for the definition of the suggested spacetime region on which the gravitational action is evaluated may help us to study the complexity of formation [26, 27, 54] in the context of flat/BMSFT correspondence. This is a potentional open problem that could be addressed in future works.
A Non-symmetric evolutions in past and future null infinities
In this appendix, we discuss the nonsymmetric scenario when the boundary times on future and past null infinities develop individually. We show the parameter that render nonsymmetricity by γ. Hence we define
where χ is a constant. Using nonsymmetric parametrization, the rate of complexity growth is given byĊ 
A1 Initial time
In this case the GHY terms near the singularities change as
Using the fact that r P = r Q and also (3.9) and (3.10) the null joint terms become
Hence we find the rate of complexity growth for nonsymmetric boundary times aṡ
8πG N f (r P ) log a 2 f (r P )
. (A.6)
It is clear that for the symmetric case, i.e., γ = 1, the growth rate is zero.
A2 Late time
Now the boundary term near the future singularity results in
The contribution of the joint terms at P and Q is similar to the initial time where we have
The contribution of the null-joint term at point M is given by (3.16). Using (2.3) it is not hard to find that for the nonsymmetric case we have
Hence we find
. (A.10)
Finally using (A.2) we find the rate of complexity growth aṡ
8πG N f (r P ) log a 2 f (r P ) . (A.11)
For γ = 1 the result is exactly the same as the symmetric case. Moreover, in the nonsymmetric case, the complexity growth depends not only on r M but also on r P .
